A vision based formation and attitude controller has been derived and simulated for the formation keeping of two 3U CubeSats. Four markers are installed on the leader CubeSat. Two cameras are installed on the follower CubeSat. An e cient vision based pose estimation method is used to estimate the pose of the follower with respect to the leader. A Higher-Order Sliding Mode (HOSM) exact differentiator with nite-time convergence is derived to estimate the rate of the follower's pose parameters. The follower's pose and its time rate are fedback to HOSM formation and attitude controllers to correct any gradual drift in formation and pose of the follower. The simulations show the e ectiveness of the approach, and its feasibility on existing hardware.
Introduction
Small satellites are lighter and less expensive to launch, and if one satellite fails it can be replaced with less cost. Yet, they can be used in constellations to perform important missions. For example, several projects at NASA can strongly bene t from the utilization of multiple satellites in orbit: Global Precipitation Measurement Constellation, Leonardo-BRDF, GPS Occultation Constellation, Magnetospheric Constellation, Global Ionosphere-ThermosphereMesosphere Constellation, etc. That is why many research institutions, including NASA's Goddard Space Flight Center have been studying and designing and testing tools that enable the use of constellations of small satellites [1] .
The architecture of the formation of small satellites have been studied by some researchers [2, 3] . A three-body problem modeling and an up to date model of the Dydimos binary asteroid has been used to highlighting benets and limitations of stable and unstable formation y- ing orbits [4] . To design a realistic formation architecture, a multitude of operational scenarios such as desaturation, detumble, thruster ring, and target acquisition/recovery have been considered [5] .
Another aspect of formation control of small satellites is the prescription and planning of the needed formation maneuvers at di erent situations. Planning of n-impulse fuel-optimal maneuvers for establishment and recon guration of spacecraft formations are considered for circular and elliptic orbits [6] . Collision avoidance maneuvers for a swarm of satellites in formation, which return to their original con guration after a threat has passed, is considered in [7] using biological rules of avoidance.
Other researchers focused on the control of separation distances and orientation of satellites in formations. The interaction between magnets and superconductors has been used as a mechanism to a ect the relative pose of small satellites in a formation [8] . This mechanism, known as magnetic ux pinning, has been used with a Proportional-Integral-Derivative control law for choosing an optimal con guration for the spacecraft formation during a rest-to-rest reorientation maneuver [9] . Precision dual spacecraft formation ying has been proposed to enable a "virtual" telescope by utilizing the Constrained Model Predictive Control approach [10] . It was shown by simulations that the formation control using aerodynamic drag forces are feasible at altitudes between 500 km and 700 km [11] . The station-keeping, recon guration and collision avoidance of spacecraft in formation around eccentric reference orbits have been addressed by development of an LQR/APF control scheme [12] . The software that enables rendezvous, proximity operations, and docking for CubeSat formation ying has been designed in [13] using a dual-inertial state Extended Kalman Filter, and a fueloptimal state-space impulsive guidance and control algorithm.
In this research, to address the GN&C needs of close formation ying of small satellites, a vision based pose estimation combined with robust Higher-Order Sliding Mode (HOSM) controllers is explored. First, a vision based pose estimation method is brie y introduced [14, 15] . Then, a HOSM exact di erentiator with nite-time convergence is explained. Next, a HOSM formation controller and a HOSM attitude controller are presented. Finally, the vision system is integrated with the controllers and the performance of the whole system is shown via simulations.
System Architecture
The building blocks of the vision based control system and their relations are shown in Fig. 1 . The blocks that are shown in solid lines are parts of the controller. The blocks shown in dashed lines represent the mathematical models of the actual hardware that are used for simulations. For the real implementation, these blocks will be replaced by the actual CubeSats and their sensors.
A user de nes the "desired formation" (
of the follower with respect to the leader according to the application at hand. Four recognizable markers j = , ..., are installed on the leader. Two cameras c and c , installed on the follower, capture the images of the markers on the leader. The image pixel coordinates of the markers [(x pj , y pj )c and (x pj , y pj )c ] are derived by processing the camera images. These image pixel coordinates and the desired pose of the follower are fed to the "Mirage vision based pose estimation" algorithm, which provides the actual pose of the follower (x, y, z, ϕ, θ, ψ). The actual pose is di erentiated by the "HOSM di erentiator" in real time. The actual pose, its rate, and the desired pose are fed to the closedloop "HOSM formation controller" and "HOSM attitude controller," which determine the thruster forces (u f ) and reaction wheel torques (τ) to correct any drift in formation and attitude of the follower. In the following, each building block is presented and discussed.
Desired Formation and Desired Attitude
The leader and follower CubeSats are shown in Fig. 2 
(1) Here, Rz(.), Ry(.), and Rx(.) are the × rotation matrices about the z, y, and x axes, respectively.
Mirage Vision Based Pose Estimation
. Pose estimation methodology Fig. 2 ). Two cameras are installed on the follower, but only one of them, represented by frame {c i }, is shown in Fig. 2 . The camera {c i } (i = , ) generates images of the markers. The image seen by the camera when the follower is at its desired pose is called the desired image. On the other hand, the image that the camera sees when the follower is in its actual pose is called the actual image.
The di erence in the pixel coordinates of marker j (j = , ..., ) in the actual and desired images of camera 
Here, the × matrix T c i f d transforms any vector from frame {f d } to frame {c i }, and the × matrix Kc i contains the intrinsic camera parameters (focal length, principle points and distortion parameters), which are available a priori via camera calibration. Then, the desired pixel coordinates are obtained.
Therefore, the pixel error e First, the pixel error e c i j can be calculated based on the coordinates in the 3D camera space.
The actual 3D projection of marker j in the camera space {c i } is denoted.
Equation (7) is rewritten by incorporating the fact that
Note that there are no unknowns in Eq. (4) and the only unknowns in Eq. (8) are the twelve elements of the matrix T
Equation (9) is substituted in Eq. (8) . The result of the substitution and Eq. (4) are expanded to obtain the components of (p j )c i and (p d j )c i . The resulting components are substituted in Eq. (6). After very involved manipulations, which can be found in [15] , the following relation is found between the pixel error e (10) where 
Note that Eq. (10) includes 2 equations and 12 unknowns and cannot be solved in its current form. However, this equation is valid for camera c i (i = , ) and marker j (j = , ..., ). For this case, Eq. (10) is written 8 times, covering the combinations of 2 cameras c and c and 4 markers. 
Equation (12) forms a linear system of 16 equations in terms of 12 unknown elements of t f f d , which can be easily solved in the Least-Square sense.
Now that the vector t 
Therefore, knowing T 
. The simulated cameras
The block "simulated cameras" calculates the "actual pixel coordinates" of the marker j (j = , ..., ) for simulation only using the simulated pose of the follower CubeSat mathematical model. The actual 3D projection of marker j in the camera space is found using Eq. (7) 
HOSM Di erentiator
The pose vector Q = [q, Φ] T is not su cient for feedback control. The rate of the pose vectorQ is also required. The conventional di erentiators provide asymptotic convergence. When the rate of a vector changes rapidly with time, the asymptotic convergence causes a phase lag, which is not good for robust control.
Here a Higher-Order Sliding Model (HOSM) di erentiator is introduced that provides nite-time (as opposed to asymptotic) convergence to the exact derivative (in the absence of measurement noise). The HOSM di erentiator is obtained as follows.
The time variable measured signal Q(t) is considered. It is desired to calculateQ(t) in real-time. A real-time estimate of the measured signal is de ned asQ(t). At any given time the estimation error is de ned.
The derivative of the estimation error is given as follows.
The rate of the estimated measurementQ is considered as a control input that a ects the dynamics of the estimation error y Q .
v =Q (18) Therefore, the dynamics of the estimation error is obtained.ẏ
A control law for v is desired such that it can drive both y Q andẏ Q to zero in nite-time. If both y Q andẏ Q are driven to zero in nite-time, then,Q → Q andQ →Q, at which point the exact derivative of Q is obtained. The following control law achieves the goal.
Here, λ and λ are positive constants. The di erentiator is used as follows. The initial value of the measured signal Q( ) is known. The initial value of the estimated measured signal is set toQ( ) = Q( ). The control signals q and v are found by integrating Eq. (21) and calculating Eq. (20), respectively. The control signal v is applied to the dynamic system in Eq. (18), which is integrated to obtainQ. The obtainedQ is fedback for control in Eqs. (20) and (21), and the process continues in time. In the meantime, the control signal v is the estimated derivative of the measured signal.
Formation Dynamic Model . Governing equations for simulations
The coordinate axes shown in Fig. 2 are considered. Let x r r and x r f denote the position of the leader and the follower satellites with respect to the geocentric system (X, Y , Z), but expressed along the moving axes (x, y, z) of frame {r} at the location of the leader satellite. Note that axes x, y, and z are radial, along track, and cross-track directions, respectively, de ned by Hill and used in [2] .
It is known that the e ect of the follower's thrusters force u f on the acceleration of the followerẍ 
. Governing equations for control law derivation
Here, to achieve a precise formation, the relative position of the follower with respect to the leader will be controlled. Therefore, the dynamic equations of motion must be written as a relation betweenq and the control forces from the follower's thrusters u f . The acceleration of the follower satellite can be written in terms of the acceleration of the leader satellite. where q is the relative distance of the follower with respect to the leader along the moving axes (x, y, z) of frame {r}, and ω r r is the instantaneous rate of rotation of the leader around the Earth expressed along the axes of {r}. For the derivation of the controller, the "nominal" situation is used, in which the resultant perturbing forces on the follower satellite are neglected (F r df = ) and the nominal mass of the satellite is used (m f ). 
. Implementation notes
A controller that is derived based on Eq. (24) needs the measurement of the realtime acceleration of the leader (ẍ r r ), the relative position of the follower with respect to the leader (q), and its rate (q). The accelerationẍ r r can be measured by an accelerometer on board of the leader satellite, and can be broadcast to the follower satellite. The relative position q is measured by the vision system, and its rateq is observed by the HOSM di erentiator.
Attitude Dynamic Model . Governing equations of motion
The ability to correct the satellite's attitude is important, because after long periods of time, the external perturbing forces and moments will eventually rotate the satellite bodies. This may cause the loss of sight for visionbased formation correction maneuvers. Therefore, an attitude controller must be used to realign the satellites precisely when necessary.
A CubeSat body axes (x B , y B , z B ) and its three orthogonal reaction wheels are shown in Fig. 3 . The moment com-
T are exerted by the motors of (
The rotational dynamics of the reaction wheel are described by the following equation, in which θ i (i = , , ) is the angular position of reaction wheel i.
The derivation and the de nition of the notation used in the above equations are found in the Appendix. In summary, Eqs. (27), (28), and (29) are the complete dynamic model of the CubeSat and reaction wheels as a system, which are inserted in the "attitude dynamic model" block in Fig. 1 . At any simulation step, the reaction wheel driving moments are known. One can calculate the CubeSat's angular acceleration vectorω B using Eq. (27). Also, the reaction wheel driving moments and the CubeSat's angular acceleration vectorω B just obtained from Eq. (27) can be used with Eq. (29) to calculate the reaction wheel's angular acceleration (θ ,θ ,θ ). Integrating these angular accelerations will provide ω B and (θ ,θ ,θ ) for the next time step. The integration can go on by repeating the above steps.
. Governing equations for control law derivations
Equation (27) is written in a more concise form.
whereb
are calculated using the "nominal" values of the system parameters. The following outputs are de ned for the control system in Eq. (30).
where Φ d is the desired orientation of the satellite, which in general can be a function of time. A controller must be derived that can stabilize the output y of the system in Eq. (30) and its time derivative at zero vector in nite time.
The dynamics of the output y is derived for control design in the following. The second time derivative of the surface variable is calculated.ÿ
are adopted, the model for attitude control derivation becomes.ÿ =f ϕ +b ϕ τ
The above equation is used for the derivation of a HOSM attitude controller.
HOSM Formation and Attitude Controllers
In this section a HOSM controller is derived for both the formation controller and the attitude controller. Note that the concise form of the dynamics of the two systems in Eq. (24) and Eq. (34) t the following standard form.
Here, a HOSM controller is derived based on the standard model in Eq. (35), which is interchangeable between systems in Eqs. (24) and (34) by using the correct σ,f,b, and u.
. Nominal control
A change of state variables such as σ = z andσ = z and change of the control signal such asŵ =f +bû are applied to the output system in Eq. (35). The following chain form is obtained.ż
It can be shown that the following feedback control law can stabilize the system in Eq. (36) at zero vector in nite time [16] ,ŵ
where v j = / and v j = / , and the control gains k ij are found such that the following characteristic polynomial (p + k j p + k j = , j = , , ) is Hurwitz. The above formulation is used as explained in the following. At each time step, the measurement of the real-time errors and their rates provide the feedback signals z and z .
Then, the nominal control is calculated using Eq. (37). Finally the equivalent control is calculated by inverting the relationŵ =f +bû.û
The above "nominal" control works accurately if the system model has no uncertainty, that is iff andb are exact. However, normally, the real system is represented by f and b, which are di erent due to modeling and parameters uncertainties. In the following, the nominal control is amended to account for such uncertainties.
. Extension to uncertain systems
The relation between the terms of the nominal system model and those of the actual system are de ned as f =f+f and b =b+b, in whichf andb are bounded. The following equation represents the real system.
Noting that z =σ and substituting Eq. (40) in the above relation, one obtains.
To make sure thatż → even in the presence of uncertainty, the nominal controlŵ in Eq. (42) is replaced by
where s = z + zaux, and G is a positive constant. The gain G must be determined such that it is large enough to compensate for uncertain terms. This gain is determined using a Lyponuv design method.
. Lyaponuv gain design
A Lyaponuv function is de ned as V = s T s. The gain G must be determined such thatV = s Tṡ ≤ for all s. Becauseṡ =ż +żaux =ż −ŵ,V is derived as follows.
To design the controller gain G, the following bounds are de ned for the uncertain terms.
Note that α ≈ . Knowing that c T d ≤ c d and s ≤ s T sign(s), and using Eq. (45), one can obtain the follow-
Equation (47) implies that, if the control gain G is selected to meet the following requirement,
where η > , then,V ≤ −η s , orV is negative for all s and V = s T s vanishes to zero despite bounded uncertainties in the system de ned by Eq. (46), provided that the following control law is used.
Based on the formation dynamic model in Eq. (24), the above control law is used as the "HOSM formation controller" by settingf =fx,b =bx, z = q, z =q, and u = u f . Also, based on the attitude dynamic model in Eq. (34), the above control law is used as the "HOSM attitude controller" by settingf =f ϕ ,b =b ϕ , z = y, z =ẏ, and u = τ. The termŵ is always calculated using the generic Eq. (37).
Simulation
A CubeSat similar to the one designed in [17] is considered. The moment of inertia of the satellite isÎ B ≈ diag( . , . , . ) kg.m . The reactions wheels are SI's 3-wheel orthogonal model [18] , whose estimated mass moment of inertia areÎ = diag( . , . , . ) × − kg.m , The e ect of the resultant perturbing moment τ D is neglected during the very short duration of the controller's motion correction. An amount of 5% uncertainty has been assumed for the moments of inertia for the worst case. The total nominal mass of the follower ism f = kg, while the end of life mass after usage of all propellant of m f = . kg is used for simulation.
An in-track formation is assumed for the simulations. The desired roll, pitch, yaw of the follower with respect to the leader are all zeros ( The images of the leader's markers in the follower's cameras at the beginning of the simulation, when the follower is not at the desired formation, are shown in the left plot of Fig. 4 . The actual image, calculated by the simulated cameras, is di erent from the desired image, calculated by the internals of the Mirage vision based pose estimation algorithm. This is because at the start of the simulation, the follower is not at the desired formation location.
The images of the leader's markers in the follower's cameras at the end of the simulation, when the follower reaches its desired formation, are shown in the right plot of Fig. 4 . It can be seen that the actual image, calculated by the simulated cameras, coincides with the desired image, calculated by the internals of the Mirage vision based pose estimation algorithm. This is because at the end of the N.s, where t f is the time at which the formation error is less than 0.001 m. Assume that the CubeSat is using the hydrazine propulsion module presented in [19] , which has a total life of N.s of impulse. The thrusters can afford = ( / . ) corrections, which, at the rate of one correction per month, lasts years. The maximum needed thrust is less than . N, which is less than the maximum provided by the assumed hydrazine propulsion module [19] . The right column of Fig. 6 shows the torques of the follower's reaction wheels. All moments are below the maximum capability of the SI's orthogonal reaction wheels, which is 0.001 N.m [18] .
Conclusions
A vision based HOSM formation and attitude controller was derived and simulated for the formation keeping of two 3U CubeSats. Vision-based pose estimation in junction with a HOSM di erentiator provide accurate states in absence of GPS signals. The distance of the leader and follower satellites are directly controlled for precise formation keeping. For precise attitude control, the attitude controller was derived based on the a multibody dynamic model that included the dynamics of the reaction wheels. The simulations show the e ectiveness of the approaches, and their feasibility in light of the practical maximum thrust and reaction wheel torques, and the length of satellite mission.
